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Abstract. In the framework of linear density functional theory, the conditions of formation of
tungsten—boron interstitial solid solutions are studied. On the basis of the coherent-potential
approximation, the ordering tendencies in tungsten-based solid solutions are considered and the
possibility of formation of some type of ordering on the sublattice of the interstitial octahedral
positions is demonstrated. The tendencies of the chemical bonding in the interstitial solid solution
of boron in tungsten are discussed.

(Some figures in this article are in colour only in the electronic version; see www.iop.org)

1. Introduction

The large cohesive energy and bulk modulus of tungsten and molybdenum have led to wide
use of these refractory metals in industry and have been the topics of a lot of investigations in
materials science. Measuring of high-pressure properties of W and Mo is a serious problem
because of their extremely low compressibility. That is why any predictions of the behaviour of
these metals in extreme conditions are of value. Non-empirical calculations for tungsten were
used to study the influence of microalloying on the ductile-brittle phase transformation [1].
In tungsten, impurities such as N, O, P, S, and Si weaken the intergranular cohesion, resulting
in ‘loosening’ of the grain boundary (GB). The presence of B and C, in contrast, enhances the
interatomic interaction across the GB.

In the case of many metals and alloys, small boron additions modify their ambient
temperature properties (see, for example, reference [2]). Some intermetallic alloys which
present an intrinsic intergranular brittleness in their undoped state change their fracture mode
when boron doped. In some cases—Tlike in the B-doped hypostoichiometric Ni3Al alloys—the
fracture becomes ductile. In other cases, like in FeAl (B2) alloys, even in the B-doped alloys
a brittle fracture is observed, but it takes place in a transgranular manner, by cleavage [3, 4].

The boron effects in metals and alloys are typically attributed to its intergranular
segregation. This hypothesis is based on experimental measurements of some intergranular
boron enrichment, mainly in NizAl alloys, by Auger electron spectroscopy (AES) [5].
Tungsten-based solid solutions were simulated non-empirically [1, 6]; as a result, the idea was
formulated that the cohesion of the GB may be the controlling factor which limits the ductility of
high-strength metallic alloys, and particularly those containing W. B in the GB has the lowest
energy and thus would tend to displace other impurity atoms from the GB. Microalloying
with 10-50 ppm B may be an effective way of improving tungsten’s ductility. These results
are important for understanding the fundamental physics of intergranular embrittlement. As
a result, a number of papers were devoted to the modelling of tungsten GBs in different
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approaches (see, for example, [7] and references therein). However, as far as we know no
systematic study of the tungsten-based solid solution as regards its ordering and bonding
tendencies and thermodynamic aspects is available in the literature.

In the framework of linear density functional (LDF) theory, the conditions of formation
of W-B solid solutions for different concentrations of boron are studied. On the basis of
the coherent-potential approximation (CPA) we consider the ordering tendencies, study the
electronic structure and provide total-energy calculations.

2. The LDA model

The essential requirement for such research is to have a reliable and efficient electronic
structure method for calculation of the total energies and electronic structures of the interstitial
solid solutions of tungsten. Within the framework of the Hohenberg—Kohn—Sham density
functional theory (DFT) the electronic structure can be efficiently handled using first-principles
self-consistent methods. DFT has wide applications to molecules and solids [8]. Even the
crudest approximation, local density approximation (LDA), to the density functional theory
has been successfully applied to predict structural and dynamical properties of a large variety of
materials. Equilibrium volumes, elastic constants, phonon frequencies, surface reconstruction,
and magnetism are just some examples of properties which could be successfully calculated
for systems without particularly strong electron correlations within the LDA. The LDA usually
leads to some overbinding in solids (equilibrium volumes are typically 1-3% underestimated).
Considerably larger errors are found in cases where the LDA is not sufficiently accurate; ionic
compounds like MgO are examples where the simple LDA fails.

The electronic structure of crystalline solids could be efficiently calculated using linear
band-structure methods. The linear muffin-tin orbitals (LMTO) method is particularly fast and
efficient for handling complex and large unit cells because of the ease with which the structure-
dependent part and the potential-dependent part are separated out in the secular equation [9].
An important milestone in the application of the LMTO method was understanding that the
original infinite LMTO basis set can be limited to just a few orbital functions. With this
advantage, the LMTO method has the computational simplicity of the empirical tight-binding
schemes, as well as the accuracy of other first-principles methods.

The LMTO method in the atomic sphere approximation (ASA) approach is a well-
established technique for studying metals, alloys, and also perovskites and different phases
with non-trivial structures [10-13]. For close-packed metallic structures, in particular, this
method consistently predicts reliable and accurate results comparable to those obtained from
other sophisticated LDA-based methods like the linearized augmented-plane-wave (LAPW)
technique [14]. In the last few years, the LMTO ASA method has been successfully applied
also to the study of surface alloys (see, for example, [15]). In the case of dilute alloys, the
properties of Fe embedded in V and Cr matrices were studied in [15]. It seems that today this
scheme is one of the most promising techniques in band-structure studies due to its ability to
calculate very complicated structures very fast. The LMTO ASA method is ideally suited to
the relatively close-packed solid solutions of tungsten treated here, where one can ensure a
reasonably small overlap between the atomic spheres. We controlled the value of this overlap by
introducing an additional interstitial (‘empty’) sphere. In the LMTO ASA, the approximation
due to spherical averaging can also be controlled by changing the ratio between atomic spheres
of different species. The overlap between the spheres is defined as (S} + S, — d) x 100/(2S))
and is less than 30%. Here S; and S, (S7 < S5) are the radii of the two overlapping spheres
and d is the distance between them. Incorporating the so-called ‘combined corrections’, one
can partly correct the error due to spheridization of the potential and charge density [9].
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Band-structure calculations based on the density functional theory allow one to obtain a
quantitative description of the ground-state properties of absolutely ordered alloys. Application
of these methods to the calculations of the thermodynamic properties of partially ordered or
random alloys gives reasonable results [16-20]. The most attractive feature of the single-
site (SS) coherent-potential approximation (CPA) is that this scheme can be applied to direct
calculations of the electronic structure of randomly or partially ordered alloys [17]. Recent
applications of the CPA scheme show that this method allows one to reproduce accurately lattice
parameters, bulk moduli, and enthalpies of formation (see, for example, reference [18] and
references therein). This accuracy is similar to the accuracy of other local density functional
methods for completely ordered phases.

In order to study the effects of the electronic density distributions in tungsten-based solid
solutions on the chemical bonding, we model interstitial solid solutions with a cell shown in
figure 1. The behaviour of the boron atoms in the tungsten is studied on the basis of first-
principles total-energy calculations of binary, partially ordered compounds in the framework
of the CPA.

w
D
4

D

Figure 1. The structure of the cell used in the CPA LMTO simulations. The numbers indicate the
sublattices of octahedral interstitial positions: on the first sublattice they are numbered 1 and 2, on
the second sublattice they are numbered 3 and 4, and on the third sublattice they are numbered 5
and 6. The crossed circles show tungsten atoms.

We present here only a brief outline of the technique of the usual SS CPA for solids with
several different sublattices [18]. Let us consider an interstitial bcc solid solution W.B_,,
where B occupies the octahedral interstitial sites of the bce lattice and c is the atomic fraction
of W. There are three equivalent bcc sublattices of such interstitial sites. If in each of these
sublattices, enumerated by p (p = 1, 2, 3), N, sites of the total of N sites of a sublattice are
occupied by boron atoms, thenc, = N, /N is the atomic fraction of boron on the corresponding
sublattice and

c=N/(N+pZ:N,,>=1/(1+gcp). )

To study the ordering in the interstitial solid solution, it is convenient to determine the
probability n,(r) of finding an interstitial atom in the position 7 on the pth sublattice. This
ordering is considered as the ordering between interstitial atoms and ‘empty’ sites in each
sublattice. It is worth mentioning that actually two types of ordering may occur in the
case where there are several equivalent sublattices of interstitial sites. One type of ordering
corresponds to the situation where, for example, interstitial atoms occupy only one (say, p = 1)
sublattice of interstitial positions, leaving all the rest of the sublattices empty (n, = n3 = 0). In
this case the interstitial atoms may still be randomly distributed on the sites of this sublattice.
Decrease of the temperature may result in ordering on this sublattice, and in this situation



4178 S Dorfman

np—i (7) takes several constant values. Each value defines a sub-sublattice of the ordered phase,
which is formed on the first sublattice of interstitial sites. If, in the simplest case, the B2-type
ordered phase is formed on the first sublattice of interstitial sites, then for a stoichiometric
composition (¢; = 1/2):

()]

1
n :cl+§n=1

for the corners of the bee cubic cell of the first interstitial sublattice; and

for the centres of the same cell. In these expressions, the upper index enumerates sublattices,
and n is the long-range order parameter, which is defined on the first sublattice in the usual
manner: n = (nﬁl) —c1)/(1 —cy) (see, for example, [21]). The probabilities of finding
empty sites are defined as (1 — n,), and the corresponding equations for them may also be
written down.

Now we are ready to redefine the probabilities n,(7) in the vector form. The components
of this vector determine the occupation of the octahedral sublattices by interstitial atoms. The
vector which corresponds to the formation of a B2-type phase on the first sublattice, with

.....

1 1
i=(ci+=nc—=n0000). 2
n (61 S =S > )

For example, for the specific case (c; = ¢3 = 0) with the atomic fraction of boron equal to 0.01
and the atomic fraction of tungsten equal to 0.99, the corresponding value c¢; may be found
from the equation

1

1+C1

0.99 =

which gives ¢; = 0.010 101, and for the atomic fraction of B equal to 0.167 it gives the value
c1 = 0.20048.

The average one-electron Green’s function should be determined for calculations of
electronic structure and ground-state properties. To obtain this function, we apply the SS
CPA in conjunction with the LMTO method in the atomic sphere approximation (ASA). The
average one-electron Green’s function may be obtained in the form of the Korringa—Kohn—
Rostoker (KKR) ASA Green’s function, which is identical to the scattering path operator in
multiple-scattering theory. For a complex energy z, we have

1
Tij@) =—— [ &k — Ak 3)
Vez Jpz
where Vg7 is the volume of Brillouin zone (BZ), A(k) are the LMTO structure constants,
and M(z) is the crystal coherent-potential matrix. The subscripts i and j refer to individual
sub-sublattice sites in the unit cell. We have omitted the angular momentum quantum numbers
(In) as well as the LMTO representation number. The coherent-potential matrix that enters
equation (3) is block diagonal:
N0 -0
g — 0 912 e () @

0 0 --- 9%,
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and each diagonal element 3; is the coherent-potential function of the sub-sublattice i.
To obtain the complete coherent-potential function, we must solve for each sub-sublattice
corresponding equations, which for our case are

R =nORP + (1 —nO)RF + [RP — REITHRT — Rz

5)
m,‘ = YRF + E)tfl*i,-§1tﬂ,-:{3w6] (

where n¥) is the occupation probability for boron-atom sites on the ith sub-sublattice, and
"B and RE are the coherent-potential functions of the B and E species, respectively. ‘E’
here stands for an empty interstitial site, or ‘empty’ sphere in the ASA. Coherent-potential
functions are coupled by the definition (equation (3)) of the coherent Green’s function, which,
together with equation (5), forms the non-linear system of CPA equations that must be solved
self-consistently.

We calculated the electronic density distributions with the CPA LMTO code [11, 18]. This
code includes the determination of the Madelung-energy prefactor ¢, which makes the CPA
LMTO results agree with those obtained by the Connolly—Williams method on the basis of the
total energies of ordered alloys [16]. This prefactor enters the expression for the Madelung
energy of the alloy and, for the i th sub-sublattice of the tungsten-based interstitial solid solution,
this is

2

EY = -t (1 - ngb—(Q;(,.) (IQ)E)

Here R (1) is the radius of the first coordination shell of the i th sub-sublattice, e is the electron
charge, and the boron and empty-sphere charges are Qg and Qg, respectively. These charges

are defined as
Op = f pp &°r — Zg Qr = / pE d°r.
SASA SASA

In these equations Sag4 is the radius of an atomic sphere, Zy is the atomic number of boron,
and pp and pg are the electronic densities of a boron atom and an empty sphere, respectively.
A number of models could be reduced to these equations [19].

(6)

3. Calculations

Our study is based on the analysis of electronic density distributions for different interatomic
distances, supercell configurations, and compositions of an interstitial impurity. Changes in
the concentration will lead to changes of the supercell volume and to changes in the character
of the bonding forces. Band structures of completely ordered tungsten-based interstitial alloy
with partially occupied octahedral positions 1 and 2 (see figure 1):

11 1
site ] - | ==0 site 2 — | 00=
22 2

were carried out within the CPA LMTO procedure briefly outlined in the previous section
(for details see references [15] and [18]). With the self-consistently obtained bands, we calc-
ulated the equilibrium total energies of the completely ordered phase and phases with partially
occupied sublattices.

In our calculations we studied the behaviour of the dilute solid solutions of boron in
tungsten. According to Hagg’s rule, we assumed that these solutions are interstitial, because
the ratio of the atomic radii of the constituents is less than 0.49. Boron atoms were distributed
on one of three sublattices of octahedral interstitial positions of the host matrix. Such a
modelling had two main aims: (a) to study the tendencies of ordering of boron atoms on one
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of interstitial sites sublattices in tungsten; and (b) to obtain information about the bonding
tendencies for boron atoms in tungsten media.

The calculations were performed in the scalar-relativistic approach for a number of
different volumes per atom. Core electrons were frozen after initial atomic calculations. All
of the calculations were done in the framework of the atomic sphere approximation (ASA) [9].
The individual atomic sphere radii of W, B, and empty (E) spheres were set in the ratio 1:0.6:0.6
respectively. The convergence criterion for the total energy was 0.001 mRyd. Typically 60
iterations were needed to achieve the necessary convergence. The equilibrium lattice parameter
and corresponding ground-state energy of a given alloy were obtained on the basis of a set of
self-consistent calculations of the total energy close to the equilibrium lattice parameter with
a fit to a Morse-type equation of state [22]. In figure 2 we show plots of the total density of
states (DOS) for W-B interstitial solid solutions with different concentrations of B placed in
position 1 of the first sublattice (see figure 1). DOSs correspond to different compositions of
interstitial W—B solid solutions with the equilibrium lattice parameter. The integration over
the Brillouin zone was performed with the special-points technique (the number of points was
about 250).

12
10 - —e— ¢=0.001, E=0.273 Ry
— = =001, E=0.271 Ry
(7]
% 8 o ¢=0.091, E=0.197 Ry
®
S ¢=0.143, E=0.185 Ry
2 6
[7]
c
[
(a]
4 |
2 -
R ‘
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4

Energy, in Ry

Figure 2. The total density of states (in number of states per atom per Ryd) in interstitial W-B
solid solutions for different atomic fractions of boron. Ef in the figure is the Fermi energy. c is
the boron occupation of position 1 (see figure 1). A solid solution is studied for the ordered state
with the partial occupation of only one sublattice.

At the first step of the calculations, we investigated the structure where boron occupies,
with small concentrations, only the corners of one cubic primitive cell of octahedral interstitial
positions. At each stage of the calculations, i.e. at all of the concentrations studied, the lattice
parameter was varied to obtain the minimal total energy. The increase of boron concentration
has an opposite effect on the partial total energies: the tungsten energy decreases while the
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boron energy increases. The same opposite tendency is illustrated by table 1: the total number
of states at the Fermi energy for W increases while for B it decreases with the growth of the
boron concentration. At the same time the total energy per atom for dilute W—B interstitial
solid solutions decreases, as well as the Fermi energy. The partial numbers of s and p states for
W show a stable tendency to increase with the rising boron concentration while the numbers
of s and p states for B decrease. This is not the case for the behaviour of the number of d states.
For W it increases, while for boron it decreases as concentration grows, and at concentration
cg = 0.167 starts to increase, showing thus a non-monotonic behaviour. In figure 3 we present
the dependence of the energy per atom on the lattice parameter for two concentrations of
extremely dilute solid solutions. The curves presented show non-trivial behaviour. We may
analyse these curves in terms of enthalpy because the pressure—volume term, in the units which
are used for the calculations, is negligibly small. The ‘caving’ in the curve between points
1 and 2 in this figure shows that for the lattice parameter 6.2 au and for the atomic fraction
of boron equal to 0.001, the tungsten-based solid solution is unstable. Thus the two-phase
mixture of dilute solid solutions with lattice parameters 6.14 au and 6.26 au is preferable
to the one-phase state of the solid solution. This means that although for pressure equal to
zero the one-phase state with the lattice parameter a = 6.14 au is stable, when tensile stress is

Table 1. Total number of states, Tys (in number of states per atom per Ryd), for tungsten and
boron atoms at the Fermi energy, E ¢, and total energy, E;,, per cell for W-B dilute solid solutions.

Atomic fraction ~ Number of states,  Number of states,  Fermi energy,  Total energy,

of B, cg Tns, for W Tns, for B Er,inRyd Eot,in Ryd
0.0005 4.959 2.555 0.273 —32.224
0.005 4.975 2.550 0.272 —32.320
0.048 5.186 2.518 0.197 —33.384

-8.05 -8.074
—_
= -
S -8.052 - g
ﬁ -+ -8.076
: :
>, i
& -8.054 =4
£ =
> + -8.078 &
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5 -8.056 g
é —c=0.001 =

.~ " = = =¢c=0.01
-8.058 \ \ \ \ \ -8.08

6.05 6.1 6.15 6.2 6.25 6.3 6.35
Lattice parameter, in a.u.

Figure 3. Dependencies of the total energy per atom for interstitial W—B solid solutions on the
lattice parameter for different atomic fractions of boron. A solid solution is studied for the ordered
state with the partial occupation of only one sublattice. The left Y-axis gives energies for ¢ = 0.001
and the right one gives energies for ¢ = 0.01. cp is the boron occupation of position 1 (see figure 1).
Boxes 1 and 2 show the region with the positive curvature in the energy plot for ¢ = 0.001. Arrows
show the direction of the shifts of this curvature with concentration change.
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applied the solid solution decomposes into a two-phase state. When the concentration of boron
increases, the effect weakens, as shown by the dashed line in figure 3, and it vanishes at larger
concentration of boron. Decrease of the B concentration will shift the higher local minimum
of the total-energy curve in figure 3 to infinity, decreasing the ‘caving’ of the curve. In this
case, the instability will certainly disappear for lower B concentration. From figure 4 it follows
that the equilibrium lattice parameter of the interstitial solid solution of boron in tungsten is a
non-linear function of the atomic fraction of boron. It may be seen in figure 4 that for extremely
small boron concentration the lattice parameter has an anomalous behaviour. The analysis of
this figure shows that the coefficient of concentration dilatation of the lattice is negative for all
atomic fractions of B until the boron concentration equals 0.006; it becomes equal to zero for
this composition, and after this it becomes positive and concentration independent.

6.1 " -8
=
3 6.095 -
R
g &
2 5
g 7
E =
8, 2
£ =
E 6.09
[

6.085 T T -8.2
0 0.01 0.02

Atomic fraction of B

Figure 4. Dependencies of the lattice parameter (dashed line) and the energy (solid line) of
tungsten—boron alloy on the boron occupation of position 1 in figure 1. A solid solution is studied
for the ordered state with the partial occupation of only one sublattice.

One of the goals of our investigation was to study ordering tendencies in W-B solid
solutions. To this end, we studied the different possibilities of occupations of the sites of one
or two sublattices of the octahedral positions of boron atoms. The results of this study are
given in tables 2 and 3. In table 2 total energies of different occupations of sublattices are
compared for the same atomic fraction of B. This result demonstrates the tendency for boron
atoms to occupy only one of the octahedral interstitial sublattices. In table 3 we show how
the occupation ratio influences the equilibrium Wigner—Seitz radius and the total energy of the
solid solution for boron occupying only one sublattice. This occupation ratio at a given atomic
fraction of B atoms in a W B _. interstitial alloy shows how B atoms are distributed between
sub-sublattices 1 and 2, while sub-sublattices 3, ..., 6 remain empty. In this way, we model the



Boron in tungsten: electronic structure 4183

Table 2. Total energies, E;,, per cell for W-B solid solution for different boron occupations of
the sites 1|(l/2,l/2,0)s 2|(0.()_ 1/2)» 3\(01 1/2,0)» and 4\(1/210. 1/2) in the first and the second sublattices of
octahedral interstitial positions.

Occupation ratio

First Second
sublattice sublattice

Boron occupation of interstitial positions 1 2 3 4 E;» in Ryd
0.2 05 05 05 05 —34.3273
0.2 1 0 0 0 —34.3463

Table 3. Total energies, E;.;, per cell for W—B solid solutions, and the equilibrium Wigner—Seitz
radius, Rws, for different boron occupations of the sites 1](1/2,1/2,0) and 2|(,0,1/2) in the first
sublattice of octahedral interstitial positions. In the last three lines, cg = 0.33

Occupation ratio

Rwsinau  Position 1 Position2  E;, in Ryd

2.38 0 0 —-32.216
2.45 1 0 —37.656
2.44 0.9 0.1 —37.576
2.44 0.5 0.5 —37.436

ordering of boron on one sublattice of octahedral interstitial positions. Thus, for example, the
occupation ratio 1:0 means that all B atoms occupy sub-sublattice 1. This situation corresponds
to maximal order of B2 type for the corresponding atomic fraction of B. The occupation ratio
0.5:0.5 corresponds to the random distribution of B between sub-sublattices 1 and 2. This
is the absolutely disordered interstitial solid solution on the sublattice, defined by n;. At the
same time this state of the alloy may be still considered as an ordered one in the sense that two
other octahedral interstitial site sublattices are absolutely empty (n, = n3 = 0).

The results presented clearly demonstrate the tendency to form a B2 phase (CsCl-type)
on the sublattice of octahedral interstitial positions. This B2 phase consists of boron atoms,
which occupy the corners of the cubic cell of the sublattice, while the centres of this cell are
empty. Such a configuration is seen to be favourable in comparison with others if energies
are compared. The plots of density of states displayed for different concentrations of boron
(figure 2) show an increased concentration of bands in the low-energy region (between —0.6
and —0.8 Ryd) with increase of the boron concentration in the alloy. This fact indicates the
formation of chemical bonding in W—B solid solutions. Analysis of the partial contributions
to this band shows that the band is formed mainly by s and p orbitals of tungsten and s orbitals
of boron (see figures 5(a) and 5(b)). The DOS at the Fermi level, N(EF), is an important
quantity, as it is used for the estimation of the electronic specific heat and the electron—phonon
coupling constant, and even for determining the vibration contribution to the entropy at finite
temperature. The value of N (Er) reflects the trend towards metallicity in these solid solutions.
Figure 6 displays the behaviour of the total density of states in the vicinity of the Fermi energy.
It is seen that increase of the atomic fraction of boron leads to decrease of the number of states
at the Fermi level, thus decreasing the degree of metallicity in the system. At the same time,
for cg = 0.2 we find once more an increase of N(Ef). This conclusion is confirmed by the
results given in table 3, which shows the non-monotonic change of the number of states at the
Fermi energy, N (EF), as a function of the boron concentration.
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Figure 5. Partial density of states (PDOS—in numbers of s, p, d states per atom per Ryd) for the
boron occupation of position 1 in figure 1 equal to 1%. (a) Plots for boron; (b) plots for tungsten.
An interstitial solid solution is studied for the ordered state with the partial occupation of only one
sublattice.

4. Summary

In this paper we studied the electronic structure and the total-energy characteristics of extremely
dilute interstitial tungsten—boron solid solutions. We discussed the tendencies of the chemical
bonding in such solutions and showed that ordering on the sublattice of interstitial octahedral
positions could occur. We presented the results of non-empirical calculations, which predict
anomalous behaviour of the coefficient of concentration dilatation of the lattice and formation
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Figure 6. Dependencies of the total density of states (in number of states per atom per Ryd) on
the energies normalized to the Fermi energy, E ¢ in the figure, in interstitial W-B solid solutions
for different atomic fractions of boron in the Fermi energy region. c is the atomic occupation of
position 1 in figure 1 by boron. A solid solution is studied for the ordered state with the partial
occupation of only one sublattice.

of a two-phase mixture in these solid solutions when external tensile stress is applied. The
advantages of our CPA calculations lie in the use of the total (and not one-electron) energies,
in the inclusion of charge-transfer effects in the CPA, and in our refusal to use the effective pair
interactions (see, for example, references [20, 23, 24]). The conclusions on phase stability are
based on the total-energy calculations and are more reliable than those based on the sums of one-
electron energies. We calculated the Madelung energy properly. It should also be mentioned
that the reliability of calculations based on pair interactions is poor. Pair interactions in the case
where they are derived from the LMTO CPA (see reference [20], for example) overestimate
the tendency towards ordering. Our result on the B2 ordering tendency for the boron atoms
on the interstitial sublattice may be obtained in calculations with pair interactions qualitatively
but the quantitative accuracy will be lost.
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